(resp. almost periodic) compactification of S, η(X) is dense in X, and η(C(X)) = W(X) (resp. ί?(C(X)) = A(X)). ^ Clearly η (and p) is an isometric isomorphism. We shall write / for rj '^f) .
We shall also occasionally use the notation (S w , X w ) and (S α , X a ) for weakly almost periodic and almost periodic compactifications respectively.
In §1 we shall show that if S has a (weakly) almost periodic compactification then (S, X) has a (weakly) almost periodic compactification. Furthermore, a compactification is unique up to isomorphism and satisfies a universal factorization property analogous to that satisfied by a (weakly) almost periodic compactification of S. These results are extensions of results in [11] .
In §2 some specialized lemmas are proved, and in §3 we use these to characterize almost periodic compactifications of semidirect products. It is shown that if S is a topological group, then for a large class of semitopological semigroups X (including abelian semigroups, compact topological semigroups, and topological groups), the almost periodic compactification of a semidirect product S©X of S and X is a semidirect product of S and X, where S is the almost periodic compactification of S f and X is a certain compactification of X. These results generalize Theorem 4 of [11] ; for other results along this line see [5] * We also show that the kernel of an almost periodic compactification of S©X may be expressed as a semidirect product of the kernels of S and X. A similar result is obtained for the weakly almost periodic case.
1* Existence and uniqueness of compactifications• LEMMA 
Let (S, X) be a s.t.t.s. (a) If (S, X) is compact then W(X) = C(X). (b) If (S, X) is a compact t.t.s. then A(X) = C(X). (c) If f e W(X) then the map s -> 8 f, S -> W(X) is continuous in the weak topology. (d) If f e A(X) then the map s -> 8 f, S -•> A(X) is continuous in the norm topology.
Proof. We prove only (a) and (c), the proofs of (b) and (d) being similar. Let (S, X) be compact and / e C(X). Since s -»• s f is pointwise continuous, O(f) is compact in the pointwise topology of C(X). Since this topology agrees with the weak topology on normbounded pointwise compact subsets of C(X) [10] , O(f) is weakly compact, proving (a). For (c) simply observe that if (s a ) is a net in S and s a ->s, then ( s /) has a unique weak limit point in C(X). Proof of Theorem 1.3. Let (S, p) be a weakly almost periodic compactification of S and let X be the maximal ideal space of W(X).
Then By Theorem 2.2 of [8] there exists a continuous homomorphism w->π(u, •) of S onto £7 such that π(ρ(s), •) = π(s, )(seS). Define an action of S on 1 by uθ = π(w, 0)(w eS, θ eX). With this action (S, X, p, η) is a weakly almost periodic compactification of (S, X). Now let (S, X, p, η) be any weakly almost periodic compactification of (S, X), and let (σ, ξ) be a homomorphism into the compact s.t.t.s.
o|, hence #of is uniformly continuous. Since Y is compact, its uniform structure is defined by C(Y), hence f is uniformly continuous.
We may now extend f continuously to X.
The almost periodic case is proved similarly except that the set E must be shown to be a topological semigroup. This follows readily from the equicontinuity of {π(s, -):seS}. REMARK 1.6. In the almost periodic case of Corollary 1.4 it may be shown that if X 2 is compact and if the action of S 2 on X 2 is equicontinuous, then η 2 : X 2 -> X 2 is a homeomorphism and therefore X 2 may be replaced by X 2 in the conclusion of the corollary. This means that S 2 acts on X 2 such that p 2 (s)x = sx(s eS 2 , xe X 2 ) , and that
The following theorem exhibits the connection between our approach to almost periodic compactifications and that of Landstad [11] . THEOREM Proof. Clearly <%s satisfies (a). Ήf satisfies (b) because rj(X) is totally bounded and ^ is the coarsest uniform structure on X making Ύ] uniformly continuous. These facts also imply that (X, η) is a Hausdorff completion of (X, %f). (See for example [3] .) That <%s satisfies (c) follows from the total boundedness of O(f) in C(X) for each feA(X). Now let 7 1 be a uniform structure on X satisfying (a), (b), and (c), and let (Y, ζ) be the Hausdorff completion of (X, T).
Let (S, X, p, rj) be an almost periodic compactification of the s.t.t.s. (S, X) and let ^f denote the coarsest uniform structure on X relative to which each f e A(X) is uniformly continuous. Then (X, ΎJ) is a Hausdorff completion of (X, %f
By (b), Y is compact.
For each s e S, x-*ξ(sx) is ^-uniformly continuous, hence there exists a uniformly continuous function σ(s): Y ->Y such that σ(s)(ζ(x)) = ζ(sx) (xeX).
From ( 
Then T is a compact topological semigroup and vy -v(y)(v e T, y e Y) defines a jointly continuous action of T on Y. Furthermore, (σ, ζ)
Is a homomorphism of (S, X) into (T, Y), so there exists a uniformly continuous map ς:X-+Y such that ξoη = ξ (Theorem 1.3). Thus ζ is ^-uniformly continuous, and it follows that y is coarser than ^. 2* More lemmas* We shall assume throughout this section that (S, X) is a s.t.t.s. with identity 1, that X is a semitopological semigroup with identity 1, and that there exists a continuous homomorphism φ\ X-> S such that φ(l) = 1 and φ(x)y = xy (x, yeX) . If / e C(X) and y eX, f y shall denote the function x-*f(xy). A subspace L of C(X) is said to be right translation invariant if / e L implies that f y e L for all y e X.
We shall denote by K(Q) the minimal ideal of the compact semitopological semigroup Q (see [6] ). If B is a Banach space, L(B) and J3* are respectively the space of continuous linear operators and the space of continuous linear functionals on B.
LEMMA 2.1. Let (S, X, p, ΎJ) be an almost periodic (resp. weakly almost periodic) compactification of (S, X). Then in order for X to be a topological (resp. semitopological) semigroup and η a homomorphism it is necessary and sufficient that A(X) (resp. W{X)) be right translation invariant.
Proof. The necessity is clear. For the sufficiency we consider only the weakly almost periodic case. By Corollary 1.5 and the proof of Theorem 1.3 we may suppose that X is the maximal ideal space of W(X) and that η is the map defined by η( (u(φ(x) 
Therefore Ψ is a homeomorphism of T onto X and hence induces a multiplication on X making the latter a semitopological semigroup and Ψ an antiisomorphism. Finally,
The proofs of the following two lemmas are straightforward and therefore omitted. LEMMA 
Let (S, X, p, rf) be a weakly almost periodic compactification of (S, X) and let W(X) be right translation invariant. If X has a unique minimal left ideal and if K(S) is a group with identity β, then eθ = θ for all θ e K(X

3* Applications to semidirect products* Let S and X be semitopological semigroups with identities, and let τ: S x X~*X satisfy τ(s, xy) = τ(s, x)τ(s, y\ τ{st y x) = τ(s, τ(t, x)) 9 and r(l, x) = x, (x, yeX; s,teS).
Thus s->r(s, •) is a homomorphism from S into Hom(X), the semigroup of all homomorphisms from X to X. We shall assume that r(s, •) is continuous for each seS and that (s, x)-*xτ(s, y) is continuous for each y eX. The semidirect product S©X of S and X is the topological space S x X with multiplication defined by (s, x)(t, y) = (st, xτ(s f y))(s 9 t e S; x, y e X). The above assumptions on τ imply that S©X is a semitopological semigroup with identity (1, 1) .
Following Landstad [11] we define an action of S©X on X by (s 9 
x)y = xτ(s, y)(x, y eX seS).
Let A(X) (resp. W{X)) denote the almost periodic (resp. weakly almost periodic) functions on X relative to this action, and let {{S©X) a , X a , p 0 , η) be an almost periodic compactification of (S©X, X) and (S a , p) an almost periodic compactification of S. Both of these compactification exist because S©X and S have identities. The map φ: X-> S©X, φ(x) = (1, x) , is a homomorphism satisfying φ(x)y = xy, hence the results of §2 apply. Thus, assuming A(X) is right translation invariant, X a is a topological semigroup and η a continuous homomorphism.
Define (1) τ
(p(8), y{x)) = rj{τ{s, x)) (seS,xeX).
We may now form the semidirect product S a (ξ)X a , where multiplication is defined by ( 2) (u, θ) (v, ψ) = (uv, θτ(u, ψ) ) (u, veS a ;θ,ψe X a ) .
It follows from (1) that the map β: S©X->S a (ξ)X a defined by β(s, x) = (p(s), η(x)
) is a homomorphism. THEOREM 
If S is a topological group and A(X) is right translation invariant, then (S a (ξ)X a J β) is an almost periodic compactification of S©X, and
Proof. For the first part it suffices to show that given any continuous homomorphism a from S©X into a compact topological semigroup T, there exists a continuous homomorphism α:
that a° β -a. Following Landstad we define an action of S©X on T by (s, x)t = a(s, x)ta(s'\ 1) (s e S, xeX, te T).
Define a,: S-> T by a x (s) = a(s, 1) and a 2 : X~+ T by a 2 (x) = α(l, »). Then a 1 is a continuous homomorphism, hence there exists a continuous homomorphism a x \ S a -•> Γ such that a^op -a t . Also, (ί, α 2 ) is a homomorphism of (S©X, X) into (S©X, T), where £:S©X->£©X is the identity map. Since the action on T is equicontinuous, Remark 1.6 implies the existence of a continuous map ά 2 : X a ->T such that a 2 oη = a 2 . The required map α is defined by a(u, θ) = a 2 (θ)a^(u) 
The next result shows that the conclusions of Theorem 3.1 are valid for a large class of semitopological semigroups X. Theorems 3.1 and 3.2 generalize Theorem 4 of [11] . THEOREM 
If S is a topological group then A(X) is right translation invariant if any one of the following conditions holds:
( i ) X is abelian.
(ii) X is a compact topological semigroup.
(iii) X is a topological group. Then g(xz β ) -• g(xy) uniformly in x e X, hence by the triangle inequality f z (x β τ(s βf x)) = f(% β τ(Sβ, xz β )) -> g(xy) uniformly in xeX. Therefore f z e A(X). Now suppose (iii) holds. Let % denote the coarsest uniform structure on X making each / e A(X) uniformly continuous. We shall show that for each x Q eX, x-+ xx Q is ^-uniformly continuous. Let & denote the base for ^ consisting of all symmetric U e fί such that (x, y)eU implies that ((s, z)x, (s, z) y) e U for all (s, z) e S©X (see Theorem 1.7). If Ue^ and X= U*=il7[»J, define
Proof. Clearly (i) implies that
[C7] -[[/; α? l f , x n ] -{(a?, y): (xx tt yx % ) e U 2 (l ^ i ^ n)} .
Let ίT be the set of all [U] (Ue&).
Claim that 9f is a base for a uniform structure 3^ on X. For it is clear that (x, x) 
Now let ((S©X) W , X w , ρ' 09 η f ) and (S w , /?') be weakly almost periodic compactiίications of (S©X 9 X) and S respectively, and assume that W(X) is right translation invariant. As in the almost periodic case, we may form the semidirect product S w (!τ)X w , and the analogs of (1) and (2) [6, p. 85] 
